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Abstract. A construction theorem for Frobcnius manifolds with logarithmic poles is es- 
tablished. This is a generalization of a theorem of Hcrtling and Manin. As an application 
we prove a generalization of the reconstruction theorem of Kontsevich and Manin for projec- 
tive smooth varieties with convergent Gromov-Witten potential. A second application is a 
construction of Frobenius manifolds out of a variation of polarized Hodge structures which 
degenerates along a normal crossing divisor when certain generation conditions are fulfilled. 



Introduction 

In this paper we define the notion of a Frobenius manifold with logarithmic poles along a 
normal crossing divisor (logarithmic Frobenius manifold for short). Let M be a complex man- 
ifold and D a normal crossing divisor, then a logarithmic Frobenius manifold is a Frobenius 
manifold onM\D such that the identity field e and the Euler field E are logarithmic vector 
fields along D and the metric g and multiplication o extend holomorphically with respect to 
logarithmic vector fields and the metric is nondegenerate with respect to them. 



If one restricts a logarithmic Frobenius manifold to an appropriate submanifold iV one 
gets a logarithmic Frobenius type structure whose main ingredients are a vector bundle 
K := TM | at, a flat connection V r , a Higgs field C which both have logarithmic poles along 
DC\N and a vector bundle endomorphism U which comes from multiplication with the Euler 
field. If some generation conditions are satisfied by the Higgs field and the endomorphism 
U the logarithmic Frobenius manifold can be uniquely reconstructed from the logarithmic 
Frobenius type structure (theorem 11.121) . This is a generalization of the corresponding theo- 
rem 4.5 of [HMj . The theorem of |HMj in turn generalizes a theorem of Malgrange [Mai] which 
treats the case N = {pt} and a result by Dubrovin |Du] which shows that a finite number of 
numbers suffices to reconstruct the whole Frobenius germ (M, 0) in the case N = {pt}, the 
multiplication o being semisimple and U = Eo having a simple spectrum. 



We give two applications of this unfolding result. 

The first is an application to quantum cohomology. We regard the even dimensional cohomol- 
ogy ring V = H* ven (X,C) as a manifold with coordinates U with respect to a homogeneous 
basis {Tj} and metric gr^ = f x T{ U Tj. The third derivatives of the Gromov-Witten po- 
tential provide us with the structure constants of a multiplication on the tangent bundle 
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of V. As is well known these data give us a Frobenius manifold [Ma] . Let T\, . . . ,T r be a 
basis of H 2 (X, C). To construct a logarithmic Frobenius manifold we do a coordinate change 
(p : ti i— > qi = e t{ for i = 1, . . . , r where the other coordinates remain unchanged. The third 
derivatives of the Gromov-Witten potential are well defined on the image. We assume that 
they give holomorphic functions on a polydisc M around the large radius limit point p and 
degenerate at this point so that the corresponding multiplication becomes the cup product. 
The set |J{<2* = 0} gi yes rise to a normal crossing divisor D. We show that the Frobenius 
manifold given on M \ D has the demanded degeneration properties so that we retrieve a 
Frobenius manifold with logarithmic poles along D on M. Now let W C V = H* ven (X,C) 
be a minimal subspace which generates H* ven (X,C) with respect to the cup product. Then 
N = tp(W) fl M is a submanifold of M and carries a logarithmic Frobenius type structure. 
We will use theorem II. 121 to reconstruct the Frobenius manifold. In terms of Gromov-Witten 
invariants this means that they can be uniquely reconstructed from their values on the linear 
subspace V 2 x W for I > 1. In the case W = H 2 we recover the first reconstruction theorem 
of Kontsevich and Manin ( [KM] ) in the case of smooth projective varieties with holomorphic 
Gromov-Witten potential. 

The second concerns with variation of polarized Hodge structures. Here we prove that one 
can construct a logarithmic Frobenius type structure out of a variation of polarized Hodge 
structures which degenerates along a normal crossing divisor D. If a certain condition called 
if 2 -generation holds this logarithmic Frobenius type structure can be unfolded to give a log- 
arithmic Frobenius manifold. The construction goes as follows: With a VPHS comes the 
associated Gauss-Manin connection V. One shows that the cohomology bundle decomposes 
into a direct sum of subbundles using the Hodge filtration T* and an opposite, V-flat filtration 
U, which is constructed out of the limiting PMHS. Because V satisfies Griffiths-transversality 
one can show that V maps 0(T P nU p ) to 0(F P nU p ) © 0{T V ~ X n W p _i). Therefore one can 
split V into a connection V r and a Higgs field C. This Higgs field together with the po- 
larization form will provide us with a logarithmic Frobenius type structure. This section is 
inspired by a paper of P. Deligne |De2] . Related to this section are papers of E. Cattani and 
J. Fernandez [CaFej and of J. Fernandez and G. Pearlstein [FePeJ. In the first they prove 
a correspondence between deformations of framed Frobenius modules and VPHS on (A*) r 
with a limiting MHS of Hodge- Tate type and split over IR. In the second paper they prove in 
the cases of weight k = 3,4,5 that a deformation of framed Frobenius modules with certain 
generation properties gives rise to a Frobenius manifold. From the results given here this 
follows for any weight k. 



1. Unfoldings of meromorphic connections 



In this chapter we define Frobenius manifolds with logarithmic poles (def. II. 4p and loga- 
rithmic Frobenius type structures (def. 11.61) . In proposition 11.71 it is stated that every log- 
arithmic Frobenius manifold gives rise to a logarithmic Frobenius type structure. To prove 
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the construction theorem which is the primary goal of this chapter another structure has to 
be established, namely that of a (logD — trTLE P(w))-stTuctme (def. 11.81) . In proposition 
11.101 we show that there is a correspondence between logarithmic Frobenius type structures 
and (logD — trTLE P(w))-structures. The latter has the advantage that the objects com- 
ing from a logarithmic Frobenius type structure are efficiently encoded in a vector bundle 
H over P 1 x M with a flat connection V and a pairing P. The connection is defined on 
C* x M \ D having a pole of Poincare rank 1 along {0} x M and a logarithmic pole along 
{oo} x M U P 1 \ {0} x D. In the case where the {logD — trTLEP(w) )-structure comes 
from a logarithmic Frobenius manifold the pair (H, V) is a natural generalization of the first 
structure connection of a Frobenius manifold (see e.g. [Duj ) . These structures enable us to 
prove the construction theorem for Frobenius manifolds with logarithmic poles by showing 
the existence of a universal unfolding of a (logD — trTLE P(w) )-structure. 



1.1. Definitions. 



1.1.1. Elementary sections. 

For the convenience of the reader we recall some definitions from |Helj . 

Let A := {z G C | | z |< 1} and A* := A \ {0}. Fix a holomorphic vector bundle H — > 
(A*) r x A m ~ r of rank \i > 1 with a flat connection V on (A*) r x A m ~ r . We want to discuss 
special sections in H and extensions on A r x A m_r of the sheaf 7i of its holomorphic sections. 
Let % be the monodromy with respect to {zi = 0}. The monodromy determines the bundle 
uniquely up to isomorphism. Let % = % )S ■ % iU be the decomposition into semisimple and 
unipotent parts, := log(7^ u ) the nilpotent part. A universal covering is 

e : H r x A m - r — ► (A*) r x A m - r , 

■ ■ ■ j £r> ■ ■ ■ i Zm) 1 ¥ (c ' j • • • j 6 r i z r+li ■ ■ ■ > z m)- 

The space of multivalued flat sections H°° is defined as 

H°° = {pr o A : W x A m ~ r -> H | A is a global flat section of e*H}. 

All monodromies act on it. The indices of the simultaneous generalized eigenspace decom- 
position H°° = A H"^ can be considered as tuples A = (Ai, . . . , A r ) of eigenvalues for the 
monodromies 7[, . . . , %. 

Now choose A 6 and a = . . . , a (r) ) with e~ 2wiaU) = Xj. The map 

H r x A m-r > R 

r 

£ = (Ci, z r+1 , ...,z m )^H {exp(2m a^Q exp(-^N^)) A(£) 

i=i 
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is invariant with respect to any shift £j i— > £j + 1 and therefore induces a holomorphic section 

es(A,a) : (A*) r x A m ~ r -> if, 

r 

z = fo, . . . , * m ) ^ f] (exp(2™ a^Ci) exp(-^iV^)) 
i=i 

of the bundle H (with z = e(£)). It is called an elementary section and is usually denoted 
informally as 

It is nowhere vanishing if A 7^ because the twist with rij=i z j 2 ™ * s invertible. 



We now want to investigate extensions of Ti by elementary sections. 

A Z r -filtration (Pi)i^z r consists of subspaces Pi_ C H°° which are invariant with respect to all 
monodromies Ti, . . . , % and which satisfy for a suitable m > 

Pi_ = if lj < —m for some j, 

P L = H°° if lj > m for all j, 

Pi_ C if lj < I'j for all j. 

Then P^ = @ A Pi \. A Z r -filtration (P/J induces r increasing exhaustive monodromy invariant 
filtrations on by 

h=p 

For Aj an eigenvalue of Tj let a, be defined as e~ 27naj ' = Xj and —1 < Pea.,- < 0. Set 
M := A r x A m - r , M* := (A*) r x A m ~ r and D := M \ M*. 

Proposition 1.1. Fix a IT -filtration (Pi)i e z r - 

(1) For any I G ([— m, m] D Z) r and an?/ A, choose generators A\ x o/P;,a- ^ e saea/ 

these l A i 

zs an Ou-coherent extension ofTi with logarithmic pole along D. 

(2) Tae formula above yields a one-one correspondence between 17 -filtrations and Om- 
coherent extensions ofTi with logarithmic pole along D. 

(3) The sheaf £ is a locally free O \i-module if and only if 

r 

P 1= p|F/. for all I 

3=1 

holds and the filtrations F^ have a common splitting. 
Proof. See |EVj Appendix C and |Helj chapter 8.3 . □ 
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Remark 1.2. A special case of proposition 0771 is the case when the filtrations on the simul- 
taneous generalized eigenspaces are all of type = F^. C FK^ ^ = for some 
numbers p(j, A) G Z. 

The OM-locally free extension of 7i to M for the case when the real parts of all eigenvalues 
of all residue endomorphisms are contained in [0, 1) was called the canonical extension by 
Deligne. 

1.1.2. (Logarithmic) Frobenius manifolds. 

Before we can delve into logarithmic Frobenius manifolds, we state the definition of a Frobe- 
nius manifold. 

Let M be a complex manifold and TM its (holomorphic) tangent bundle. In this context 
a metric g on TM is a symmetric, C-bilinear, nondegenerate, holomorphic pairing on the 
fibers of the holomorphic bundle TM and a multiplication o is a C-bilinear, holomorphic, 
commutative and associative multiplication on the fibers of TM. 

Definition 1.3. |Duj A Frobenius manifold is a tuple (M, o, e, E, g) where M is a manifold 
of dimension n > 1 with metric g and multiplication o on the tangent bundle, e is a global 
unit field and E is another global vector field, subject to the following conditions: 

(1) the metric is multiplication invariant, g(X oY,Z)= g(X, Y o Z), 

(2) (potentiality) the (3,l)-tensor^Jo is symmetric ( here V is the Levi-Civita connection 
of the metric), 

(3) the connection V is flat, 

(4) the unit field e is flat, Ve = 0, 

(5) the Euler field E satisfies LieE{°) = 1 • ° and LieE{g) = (2 — d) ■ g for some d e C. 
Now we can give the definition of a logarithmic Frobenius manifold. 

Definition 1.4. Let M be a complex manifold and D a normal crossing divisor. Let M\D 
be a Frobenius manifold with 

e,Ee Y(M,^tx M {logD)), 

o G T(M, T)tt M (logD) ® (A x M {logD) ® s A^logD))), 
g eT(M,(A 1 M (logD)® s A 1 M (logD))) 
where g is nondegenerate on DerM{logD). 

Then M is a Frobenius manifold with logarithmic poles along D (logarithmic Frobenius man- 
ifold for short). 

Proposition 1.5. The induced Levi-Civita connection on M \ D with respect to g has a 
logarithmic pole along D. 

Proof. Just compute the Christoffel symbols in a neighborhood U of the divisor with local 
coordinates (ti, . . . , t n ) such that D n U = (Ji=i{^ = 0}- ^ 

Define 

U := Eo : Dtx M {logD) -> Dtx M (logD) 
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and 

V : Dex M (logD) -> £>n M (logD) 
2-d 

X ^ V X E - —X . 



1.2. Frobenius type structures with logarithmic poles. 

In this section we define Frobenius type structures with logarithmic poles. The advantage of 
these structures is, that restricted to any submanifold they remain Frobenius type structures 
with logarithmic poles. Frobenius manifolds do not have this property in general because the 
multiplication o is defined on the tangent bundle TM of M. 

Definition 1.6. A structure of Frobenius type with logarithmic poles along D is a tuple 
(K —> (M, 0), D, V, C,U, V, g) with 

(M, 0) is a germ of a complex manifold, 

D is a normal crossing divisor with G D locally given by D = {z\ • • ■ z r }, 

K — ► (M, 0) germ of a holomorphic vector bundle, 

V r flat connection with logarithmic pole along D, 

C : O(K) — > O(K) <g> AlfilogD) logarithmic Higgs field, 

U : O(K) — ► O(K) with [U, C x ] =0 VX G ®tx M (logD), 

V : O(K) — ► 0(K) V r - flat, 

g : O(K) x O(K) — > Om,o symmetric, non- degenerate, V r - flat, 
such that these data satisfy 

V x (C Y )-V r Y (C x )-C [x , Y] = 0, (1.1) 
V r (U)-[C,V]+C = 0, (1.2) 
g(C x a,b) = g(a,C x b), (1.3) 
g(Ua,b)=g(a,Ub), (1.4) 
g(Va,b) = -g(a,Vb). (1.5) 
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Proposition 1.7. Every Frobenius manifold with logarithmic poles gives rise to a Frobenius 
type structure with logarithmic poles. 

Proof. The proof is essentially the same as in [He2j Lemma 5.11, so we just define the objects: 
K:=Der M (logD), V r :=V 9 , 
U:=Eo: D tXM{logD) — > DtXM(logD), 

V : ®tx M (logD) — > Dtx M {logD) : = X h-> V X E - ^~X, 
C : Z)tt M (logD) — ► ®tx M (logD) <g> A l M (logD) , C X Y :=-XoY. 

□ 

1.3. Definition of (logD-trTLEP(w))-structures. 

Let (M, 0) be a germ of a complex manifold and D be a normal crossing divisor and let z be 
a coordinate on P 1 . 

Definition 1.8. Fixw e Z. A (logD-trTLEP(w)) -structure is a tuple ((M,0), D,H,V,P) 
with H— > P 1 x (M, 0) a trivial holomorphic vector bundle with aflat connection on H\c*x(m\d,o) 
with 

V : 0{H) m — -Q} Cxm {logZ ) ® 0(#)(o,o)- 

where (Z , (0, 0)) := ({0} xMUCxD, (0, 0)) C (CxM, (0, 0)) and V /ias a logarithmic pole 
along {oo} x (M, 0) U (P 1 \ {0}) x {D, 0) C (P 1 \ {0}) x (M,0). Piso {-\) w -symmetric, 
nondegenerate, V-flat pairing 

P : iJ ( , it) x ^.t) — C /or (z, t) G C* x (M \ £>, 0). 

on a representative of H such that the pairing extends to a nondegenerate, 
z-sesquilinear pairing 

P : O(H) x O(H) ^ z w O ¥ i x{Mfi) . 

If {{M, 0),D, H,V,P) is a (%D - trTL£P(>) )-structure and (p : (M', £>', 0) -> (M, D, 0) 
a holomorphic map of germs of manifolds then one can pullback H, V and P with id x 
<p : (C,0) x (M',0) -> (C,0) x (M,0). One easily sees that (f*{H,V) and y>*(P) gives a 
(fooD' - trTLEP(w) )-structure on (M', D', 0). 

Definition 1.9. Fix a (logD - trTLEP(w)) -structure ((M, 0), D, H, V, P). 

(a) An unfolding of it is a (logD - trTLEP{w)) -structure {{M x C l ,0),D x C l ,H, V, P) 
together with a fixed isomorphism 

i:((M, 0), D, H, V, P) - ((M x C', 0), D, if, V, P) | ( mx { o},o) 

where we denote D x C l as D. 

(b) One unfolding ((MxC 1 , 0), DxC 1 , H, V, P, i) induces as second unfolding ((MxC'',0), i)', 
if', V, P', z') t/iere zs an isomorphism j from the second unfolding to the pullback of the 
first unfolding by a map 

ip: {{Mx C l ',0),D') -> {{M x C l ,0),D), 
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which is the identity on (M x {0},0) ; and if 

i = j |(a/x{o},o) °i ■ 

(c) An unfolding is universal if it induces any unfolding via a unique map (p. 
1.4. A Correspondence. 

Proposition 1.10. There is a 1-1 correspondence between {log D — trTLEP(w)) -structures 
and Frobenius type structures with logarithmic pole. 

Proof. 

Logarithmic Frobenius type structure — > (logD-trTLEP(w))-structure. 

Let (K — > (M,0),D,V r ,C,U,V,g) be a Frobenius type structure with logarithmic pole. 
Set H := n*K and let tp z : H( Z)t \ — ■> K t be the canonical projection. Extend V ,C,U,V, g 
canonically on H. Define 

V:= V r + -C + (-U-V+^d)- 

z z 2 z 

and 

P : H M X H { - Z)t) -> C for (z, t) G (C\ 0) x (M, 0), 
(a, b) i > z w g((p z a,(f- z b). 

We have to show that (if, P, V, P) is a {logD — trTLEP(w) )-structure. 

if = 7r*i\~ is trivial because K is trivial. V 2 = results from a quick calculation. P is 

(— 1 ^-symmetric and nondegenerate because g is symmetric and nondegenerate. 

Let a, be O(H). P is V-flat: 

dP(a, b) = wz w ~ x ■ g{a, b) + z w ■ dg{a, b), 

I I in d,7, 

P(Va, b) = z w g((V r + -C + (-U - V + -id)— )a, b), 

z z 2 z 

I 1 If] u7 

P(a, V6) = z w <?(a, (V r - -C + (--W - V + ^id)— )&) 

V(P)(a, 6) =dP(a, 6) - P(Va, 6) - P(a, V6) = . (1.6) 

Because of the definition of V above one sees easily that it has the correct pole order and 
that therefore (H, D, V, P) is a (logD — trTLEP(w) )-structure. 

(logD-trTLEP(w))-structure — > Logarithmic Frobenius type structure. 

Let a (logD - trTLEP(w) )-structure ((M, 0), D, H, V, P) be given. 

Define K := if|{o}x(M,o)- Observe that i\" and i?|{oo}x(M,o) are canonically isomorphic. 

The residual connection V res on P|{oo}x(m,o) is given by 

V^ es [a] := [V x a] with X G !Det M (%P>), a G £>(P). 
^for better readability we suppress tp± z 
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The residue endomorphism V res on -ff|{oo}x(M,o) is given by 

V res [a] := [V m a] a E 0(H). 

Because of the canonical isomorphism these structures can be shifted to K. Let V r , V be the 
shift of V res , V res + i^id respectively. Furthermore we set 

C := [zV] : 0(K) — > 0(K) <g> A\t(logD), 

C x [a] ■= [zV x a], 

U:= [zV zdz ]:0(K)^0{K), 

g([a], [b]) := z~ w P(a,b) mod zO Cx m,o- 

V r is flat because V is flat and has a logarithmic pole along D because V has a logarithmic 
pole along D. 

It follows from easy calculations that C is a logarithmic Higgs field, \U, Cx] = and V r (V) = 0. 



g is 0M,o-bilinear, symmetric and nondegenerate because P is Ocxm z-sesqui-linear, ( — l) w - 
symmetric and nondegenerate. The conditions (11.31) . ( 11.41) . (11.51) and V r '((?) = follow from 
V(P) = 0. 

Lift V r ,C,U, V canonically to H. Consider 

A := V - (V r + -C + (-U - V + -id)—). (1.7) 

A is Opi X M~ linear. Ax for X 6 7T~ 1 QtXM(logD) maps sections in 7r _1 7r^(9(if) to sections with 
no pole along {0} x (M, 0) because of the definition of C and which vanish along {oo} x (M, 0) 
because of the definition of V. Therefore Ax = 0. The same holds for V^ z , using the 
definitions of U and V. This shows A = 0. 

We show condition (fTl]). Let a G ix- l -n*0(H). It holds V x V y - V y V x - V[x,y] = with 
Vx = Vx + ^Cx : 

VxVya = V r x V r Y a + V r x -C Y a + -C x V r Y a + \c x C Y a, 

z z z z 

1 1 1 

Vy Vxa = V y V r x a + V y -Cxa + -C Y V r x a + ^CyCxa, 

z z z z 

V[x,y]a = V[x 5 y]0. + -C[x,y]fl, 

=^ ;(Vx(Cy) - Vy(Cx) - C [x , Y] )a = 0. 
Condition 11.21 follows from a similar calculation. □ 



1.5. The isomorphism case. 



In this section we prove a result which shows that if the Higgs field of a logarithmic Frobenius 
type structure provides an isomorphism between the fiber over and the fiber over of the 
tangent bundle and if a certain eigenvector condition is satisfied, then we can construct a 
logarithmic Frobenius manifold out of the logarithmic Frobenius type structure. This is a 
cornerstone for the general result which we prove in the next section. 
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Proposition 1.11. Let (K — > (M, 0), D, V r , C, 14, V, g) be a Frobenius type structure with 
logarithmic pole along D. Let £ 6 O(K) be a section which is flat on M\D such that 

C : Der M (logD) — > K , 

X i — > — Cx£,\o is an isomorphism 

and V£ = — £ . 

T/ien i/ie Frobenius type structure corresponds to a germ of a Frobenius manifold with loga- 
rithmic pole along D ((M,0), D, V 9 , o ; e, E, g). 

Notice that, unlike in the corresponding result of [HMj where the vector £ | could be 
extended to a flat section, we have to demand the existence of such a section £ which is flat 
on M\D. The section £ corresponds to the global unit field e under the isomorphism given 
above. 

Proof. We have an isomorphism 

v : ®zt M (logD) — ► O(K) , 

so we can pullback the data of the Frobenius type structure 

V* := v*(V r ), 9 ■= v*(g), e := v~\t), E := v' 1 ^). 

V 9 is flat with V 9 g = and V 9 e = and has a logarithmic pole along D. Torsion freeness 
follows from condition (11.11) . 

Define the multiplication on DerM{logD) 

v(XoY) :=-C x v(Y)=C x C Y £. 

The potentiality follows from easily: 

= V X {C Y )- V y (C x )-C [X;Y] 
<=> - V 9 x (Yo) + V 9 Y {Xo) + [X, Y]o = 

- V 9 X (Y o Z) + Y o V 9 X (Z) + V 9 Y (X oZ)-Xo V 9 Y Z + [X, Y] o Z = 

but this is equivalent to V 9 (o) symmetric (see |Helj ). 

We denote the shift of V,U,C on DerM{logD) with the same letters. We want to show 

V = V 9 E- 2 -^id = V| - Lie E - 2 -^id . 
We need the following identities for the next calculation: 

V zdz v(Y) = (-K -V + ^d)v(Y) 

= -v(EoY) -v((V- ^id)Y), 
V x v(e) = v(y 9 x e) - l -v{X) = --v{X). 
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Therefore we have 

v{V x E) = V x v{E) 

= V x v{E) - -C x v{E) = V x Uv{e) + hiv(X) 

rl — in in 

= Vxz(V zdz v(e) + v(=-^-e)) + {V z9z v{X) + v((V - -id)X)) 

d — iv in 
= - V zdz v(X) + v(X) - v(^-X) + V zdz v(X) + v((V - -id)X) 

= v((V+ 2 -^id)X) 

2 ^ 

Lie E = V| - V 7^— id. 

Now we can compute LieE^g) and Lie^(°): 
Lie E (g)(X,Y) 
= Eg(X, Y) - g(Lte E X, Y) - g(X, Lie E Y) 
= Eg(X, Y) - g(V 9 E X, Y) - g(X, V 9 E Y) + g(VX, Y) + g(X, VY) 

+ g( 2 -^X,Y)+g(X 2 -^Y) 
= (2-d)g(X,Y). 

For the next calculation we are using V^(Cy) — V 9 Y (Cx) — C[x,y] = 0, 
V(W) - [C, V] + C = and U = -C E : 

CLie E (o)(X,Y)-XoY 
= C[E,XoY] ~ Cxo[E,Y] — C[E,X\oY ~ C-XoY 

= V 9 e (Cxoy) — ^Xoy(Ce) + CxC[E,Y] + C[E,X]Cy + CxCy 

= - V 9 E {C x Cy) - V 9 XoY {C E ) + C x {V 9 E {Cy) - V 9 Y {C E )) 
+ (V 9 E (C X ) - V 9 x {Ce))C y + C X C Y 

= — V XoY {Ce) — CxVy(C^) — V 9 x (Ce)Cy + CxCy 

= [Cxoy, V] - Cxoy + C x [Cy, V] - C X C Y + [C x , V]C Y -C X C Y + C X C Y 
= 0. 
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I. 6. The general case. 

Theorem 1.12. Let ((M, 0), D, K, V r , C, 14, V, g) be a Frobenius type structure with logarith- 
mic pole along D, £ G 0(K) and V r (C,\M\o) — with 

(IC) C.£| : Der M (logD) — > K injective, 

(GC) £|q and its images under iteration of the maps Cx,X e DerM(logD) 
and U : K — > K generate K , 

(EC) V^ = ^ for deC. 

Then up to canonical isomorphism there exist unique data ((M,0),D,o,e,E,g, with 
((M, 0), D, o, e, E, g) a Frobenius manifold with logarithmic pole along D, 
i : (M, 0) — > (M, 0) is an embedding such that i(M) (ID = i(D) and j : K — > Der £j(logD)\^M) 
is an isomorphism above i of germs of vector bundles which identifies the logarithmic Frobenius 
type structure on K with the natural logarithmic Frobenius type structure on Der j^(logD) |j(M)- 

Here we also have to demand the existence of a section £ which is flat onM\D and fulfills 
(IC), (GC) and (EC) unlike in [HM] where they could extend a vector £ to a flat section on M. 

First we give an overview of the proof. 

(A) Proposition II . 101 is used to get a (logD — trTLE P(w))-structure. Then we prove lemma 

II. 131 below. This lemma together with lemma 11.151 gives us an unfolding of the (logD — 
trTLEP(w) )-structure which fulfills property (11.81) below for given fx, . . . , f n 6 MxC i. 

(B) We investigate transformation properties of elementary sections with respect to pullback 
in the context of lemma II .131 This is needed in order to prove uniqueness of the constructed 
Frobenius manifold. 

(C) We choose an unfolding of the given (logD — trTLE P(w) )-structure so that the map 

C.i | : Der^(logD) — ► K 

is an isomorphism which is possible by lemma 11.131 We prove that an unfolding with this 
property is a universal unfolding. But because two universal unfoldings are isomorphic, this 
shows that the property above characterizes the unfolding up to isomorphism. Now an appli- 
cation of proposition 11.111 shows that this unfolding gives rise to a Frobenius manifold which 
is therefore also unique up to isomorphism. 

(A) 

Let ((M, 0), D, H, V, P) be a (logD - trTLEP(w) )-structure. We want to choose global 
sections (v%, . . . ,v n ) which are a basis of H so that the connection matrix has a conve- 
nient form for proving the existence of an unfolding. Let V res be the residue connection on 
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H\{oo} x (M\Dfl)- We choose the sections so that their restrictions to {00} x (M, 0) are elemen- 
tary sections with respect to the residue connection. We call such a choice of sections adapted 
to {(M,0),D,H, V,P). Now let ((M x C l ,0),D x C l ,H,V) be an unfolding of the above 
structure. Then there exist unique adapted sections (vi, . . . , v n ) of ((M x C', 0), D x C', H, V) 
so that (^l |pi X A/x{o}) • • • ) |p!xMx{o}) = ( v i, ■ ■ ■ i v n) ■ We call these sections a canonical ex- 
tension of (i>i, . . . , v n ). 

Recall the proof of proposition 11.101 There we observed that K = i?i{o}x(M,o) is canonically 
isomorphic to i?|{oo}x(M,o)- Therefore it is possible to shift structure from one bundle to the 
other. This is the case for the residue connection V res which when shifted to K can be 
identified with V r . Consider a global section v of H. Then its restriction to {0} x (M, 0) is 
V r -flat if and only if its restriction to {00} x (M, 0) is V res -flat. 

Lemma 1.13. Let w E Z and ((M, 0), D, H, V, P) be the (logD — trTLEP{w))- structure 
which fulfills the conditions above. Choose adapted sections (vx,...,v n ) of H such that 
^i|{o}x(M,o) = £■ Choose I en and n functions fi, . . . , f n G {MxC i,o) with f, L | {Mx{0}0) = 0. 
Let (ti, . . . t m , yi, . . . , yi) = (t, y) be coordinates on (M x C l , 0) . 

Then there exists a unique unfolding (H — ► P 1 x (M x C , 0), V) of (H, V) with the following 
properties. H is a trivial vector bundle with flat connection over (C* x ((M\D) x C l , 0)) with 
logarithmic poles along {00} x (M x C l , 0) UP 1 \ {0} x (D x C l , 0) and a pole of Poincare rank 
1 along {0} x (M x C l , 0). Its restriction to P 1 x (M x {0}, 0) is (H, V). Let (v x , ...,v n ) be 
the canonical extensions of (v\, . . . ,v n ). Define K := i^|{o}x(Mxc i ,o) an d CM as above. Then 

^ y Ji = ^2^Vi for a = l,...,l. (1.8) 

i=i ° Va 



Proof. Suppose for a moment that (H, V) were already constructed. The connection matrix 
Q with respect to the basis (v\, . . . , v n ), 

V(v ls ...,v n ) = (v u ...,v n )-tt, 

would take the form 

^ = E^T £ + -E^T i + - E C k dt k + -TF Q dy Q + (\u+-V)dz 
^— ' ti z ^—^ ti z z ^— \ z l z 

i=l 1=1 k=r+l a=l 

with matrices 

Ai, Ct, Cj, F a , U, V, e M(n x n, MxC i) . 

This follows from Vi elementary and from the pole orders of (H, V) along {0, 00} x (M x C , 0). 
In the following i, j e {1, . . . , r}, k, I 6 {r + 1, . . . m}. The flatness condition dQ + Q A Q = 
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implies 



dA- 


= 0, 




dtu 




dA 


= 0, 




dy a 




r a a 1 


dAi dAi 
— t- 3 i t 

1 dti ' 3 dt, ' 




— [Ci, Gi 


] — [Ck, Cj\ — 




— Ok, r , 


*1 = o, 

•tj J 




= o, 






dC~ 
— t ■ 3 

l du 




dCi 
dt k 


. dC k 
~ dU 


+ [Ai,C k ], 


dQ 


dC k 




dt k 


dti ' 




dC 


, dF a 
~ 1 dU 


+ [Ai,F a ], 


dCk 


_ dF Q 






dtk ' 






_ dF p 




dvR 

^ Up 






[U, CA 


= [U,C k ] 


— n 




= u, 




dU 
dU 


= tV,Ci] 


- Q + [U, Ai) 


dU 
dtk 


= [v, c k ] 


— Ck, 


dU 
dy a 


= [V,F a ] 


- F 

- 1 a, 


dV 
dU 


= [V,A l ] 




dV 


= o, 




dtk 




dV 


= 0, 




dy a 





The condition (11.81) would mean 



(F a )a = (1.29) 
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The proof consists of three parts. In parts (I) and (II) we restrict to the case I = a = 1. In part 
(I) we show inductively uniqueness and existence of matrices Cj, Cj, F x , U, V, W with (11.121) - 
(I1.29P and with coefficients in Cm,o[[?/i]]- 111 P ar t (H) their convergence will be proved with 
the Cauchy-Kovalevski theorem. In part (III) the general case will be proved by induction in 
I. 

Part (I). Suppose I — a — 1 and y\ = y. Define for w G Z> 

w 

o M ,o[y}<™ := ^2 ® M >° ' yk > 
o M Ay}>™--=°M,o[y}-y w+ \ 

Mfi [[y}} >w :=0 Mfl [[y}}-y w+1 

and 

M(w) :=M(nxn,O M ,0-y k ), 
M(> w) := M{n x n, O M>0 [y] >w ), (1.30) 
M(< w) := M(n x n, Mfi \y\<v>)- 



Beginning of the induction for w = 0: The connection matrix of (H, V) with respect to 
the basis v i, . . . , v n takes the form 

Q(0 ) = v4 + - Vcf ^ + - V cfdt 3 + (ll/W + -V^)dz 
^ U z ^ 1 ti z ^ 3 J z 2 z 

i=l i=l j=r+l 

with matrices A h Cf\ Cf\ U^\V^ G M(0). The flatness condition dft^ + A = 
is equivalent to the equations fflT9l) . fTTTl]) . (TTTI) . (ITTSjl . fOBjl . (TL171) . (TOTl) . (TOBl . (TOl) . 
(IT^Hll .t fOTI) for w = 0. The equations (fTTTOT) . ( TLiaj) . (Oil . (fTTSll . ( 091) . ( TOOl) . QEZ2D, 
(051) . (Og|) are empty. 

Induction hypothesis for w G Z> : Unique matrices C| , cj , U^ k \ G M(k) for < A; < 
■u; and G M(k) for < A; < w — 1 are constructed such that the matrices 

w 

C i< w) := STcMeM(<w), 

k=0 

the analogously defined matrices Cj~ w \ U^- w \ V^- w \f[~ w ^ and the matrices A{ satisfy 

dm, dm, (hisd, dm, dm, dm, dm, dm}, dm modulo m(> «>), dm, dm, 

dLHD, dm, dL22D, dLZSj) , flL28D modulo M(> io - 1) and (IL29D modulo O m ,o[[2/]]> w -i. 
Induction step from w to w + 1: It consists of three steps: 

(1) Construction of a matrix G M (w) such that the matrix F^ w ^ = i^--™ ^ + F^ 
together with the matrices C\- w \ C { f w \ U { < w) ,V { ^ w) satisfies 1Q5I) . (TQ2D mod M(> 
lu) and dm mod 0m,o[MU- 
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(2) Construction of matrices C^ w+1 \ C^ +1 \u^ w+1 \V^ w+ ^ G M(w + 1) such that the ma- 
trices d~ w+1 ^ = Ci~ w ' l +C^ w+1 ^ and the analogously defined matrices Cj~ w+1 \ {J i -- w+l \ 
V^ w+l ^ and the matrix F[- w) satisfy ffTTTgl) . (05]! . (Q5]) . (051) mod M(> w). 



(3) Proof of (02), (OS]), (OS), (PUZD, (OH), (OS}, (OH), (OS}, (OZD mod m(> ^ + 
i)- 



(1) The matrices c\~ w \ C { k ~ w) and [A^ generate an algebra of commuting matrices in 
M(n x n, OM,o[y]/OM,o[y}> w )- Because of the generation condition (GC), the image of the 
column vector (1,0,..., 0) tr under the action of this algebra is the whole space M{n x 
l,0 Mfi [y}/0 Mfi [y] >w )- This shows two things: 

• This algebra contains matrices E^-^ G M(n x n, Om,o[v]<w) for any i — 1, . . . ,n with 
the first column 

(E^n = 8 i3 . 

• Any matrix in M(n x n, 0j\/,o[y]<w) which commutes with the matrices C\~ w \ Cj~ w ^ 
and U^- w ^ mod M(> w) is modulo M(> w) a linear combination of the matrices 



E\- wS> with coefficients in Omo\ 



\<w 



Therefore the matrix F^™' G M(< w) which is defined by 

F (< w) = J2^- £p } mod M(n x n, O M , [[y]U) (^) 



i=l 



is the unique matrix which satisfies ( 11. 13ft . ( 11.221) mod M(> w), ( 11.291) mod 

M ,o[[y]]>v> and Fi~ w) = Fi- W ~ 1] + F^ for some F^ G M(w). 

(2) 

dC dF 

-q^- = U ■ — ^ + [Aj, Fi] mod M(>w) 
=>- C-~ w+1 ^ constructed, 

and so for the other matrices Cj~ w+1 \ [f^- w+1 \ V ( -- w+l ^ with the corresponding equations. 
(3) Now we check that the derivatives by of the remaining equations hold modulo M(> 
w + 1). Because of the derivative we calculate modulo M(> w) and therefore we can use all 
equations modulo M(> w). For example one calculates: 
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+ 



Q31 
lLT5l 



+ [[A i ,F 1 ],C j ) + 
dC j 



Ci } tj 



j j 



+ [F 1 ,[C j ,A i }} + 



F u tj 



at* 



[Ci,[A j ,F 1 ]} 







The other equations are similar or easier. This finishes the proof of the induction step 
from w to w + 1. It shows uniqueness and existence of matrices Ci,Cj,Fi,U, V, W G 
M(n x n, O M>0 [[y}}) with (TTT^ - (0511 and with restrictions 

(a, c,-, £/, U= (cf \ cf, c/(°), 



Part (II). Now we have to show holomorphy of these matrices. We want to apply the Cauchy- 
Kovalevski theorem in the following form([Fo] (1.31). (1.40). (1.41); there the setting is real 
analytic, but proofs and statements hold also in the complex analytic setting): 
Given N e N and matrices Hi, L e M(N x N, C{ii, . . . , t m , y, X\, . . . , xn}) there exists a 
unique vector $ e M(N x 1, C{ii, . . . , t m , y}) with 

— = nit, y^)df. + L ^ y> $ )' (i-32) 

$(t,0) = 0. (1.33) 

We will construct a system (jl.32p - fll.33|) with N = (m + 3)n 2 such that it will be satisfied 
with the entries of the matrices Cj — Cf \ U — U^°\ V — as entries of $. The system will 
be built from the following equations 

dCi ~ C?) U^ + i^F), (1.34) 



dy dti 

k 



dC k - Cf ] 8F 1 



dy dt k 
dU - U<® 



1.35) 



dy 

dV - V<® 
dy 



[V,F 1 ]-F 1 , (1.36) 
(1.37) 



and equations (11.381) . f ll .39H with which one can express the entries of F% as functions of the 
entries of 

The commutative subalgebra of M{n x n, Om,o[[2/]]), which is generated by the matrices 
Ci, . . . , C m , U, is a free 0M,o[[2/]]- m odule of rank n. Choose monomials G^\j = 1, . . . , n, in 
the matrices C\, . . . , C m , U which form an C^oH^-basis of this module. Then the matrix 
(G^)ij of the first columns of the matrices is invertible in M(n x n, Om,o [[?/]])• Equation 
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<^M> gives 

n 

F 1 = y Eg J G® (1.38) 

3=1 

with coefficients gj G Om,o [[y]} such that 

(^,...,^r = (G$).( gi ,...,gX. (1-39) 

Replacing the entries of the matrices Cj — Cf \ Ck — U — U^, V — by indetermi- 
nates x 1 , . . .x^, the coefficients of the matrices become elements of C{t}[xi, . . . , xjy], 
and the gj become elements of C{ti, . . . , t m , y, x±, . . . , xn}- One obtains from ( 11.34p — ( 11. 39ft 
a system (ll.32p . (11.331) . Now the theorem of Cauchy-Kovalevski shows Ci,Ck,Fi,U,V G 
M(n x n, Omxc,o)- This shows lemma [T. 131 in the case of I = 1. 



Part (HI). By induction in / one obtains a slightly weaker version of the lemma, namely with 
formula (jl.8p replaced by 

^ ^ f 

(Cdy a Vi) \ yoi+1= ..- yi= o= (y ] — Uj) |j/ a+1 =„ .=y;=0 

for a = 1, . . . , I. This equation is equivalent to ( 11. 29ft with the same restrictions. But now 
one has a connection matrix as in the third line of the proof of lemma 11.131 Flatness gives 
( 11.91) — ( 11.28P . The equation ( 11.201) together with the formula above gives the formula at the 
end of lemma 11.131 □ 



It rests to prove that the pairing P extends to the unfolding. We need a lemma about the 
rigidity of logarithmic poles. 

Lemma 1.14. Let (L' — > (C*, 0) x (M, 0), V) be the germ of a holomorphic vector bundle with 
flat connection V, and let (L^ ' — > (C, 0) x {0}, V) be an extension of (L', V) |(<c*,o)x{o} with a 
logarithmic pole at 0. Then an extension (L — > (C, 0) x (M, 0), V) of (L', V) with a logarithmic 
pole along {0} x (M, 0) exists with (L,V) |(c,o)x{o}= (L^, V). It is unique up to canonical 
isomorphism and it is isomorphic to the pullback Lp*{L^ Q \ V) where cp : (M, 0) — ► {0}. 

Proof. See [Sab] III. 1.20 . □ 

Lemma 1.15. Let ((M x C l , 0), D x C l , H, V) be the unfolding of the (logD - trTLEP(w))- 
structure (H, V, P) given above. Then P extends to 0(H) and ((M x 0, 0), D, H, V, P) is 
a logD — trTLEP(w)- structure. 



Proof. It is sufficient to consider an unfolding in one parameter y. For some representative 
of H the pairing P extends to a V-flat pairing on the restriction to (C*, 0) x (M \ DxC,0). 
We have to show that it takes values on 0(H) in z w Opi X Mxc- A priori the values are 
in Oc* x m\dxc- Recall that V has a logarithmic pole along (C*,0) x (D,0). Because of the 
rigidity of logarithmic poles the extension to (H, V) |c*xM\D si „ g xC is trivial, therefore P takes 
values in Oc*xM\D sing xC- A codimension 2 argument shows that P takes values Oc*xMxc- The 
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same reasoning shows that on P 1 \ {0} xMxC the pairing P takes values in z w 0pi\{o}xMxC- 
It rests to prove the corresponding property on C x M x C. Denote n := rkH and let 
(z,ti, . . . , t m , y) be coordinates on (C x M x C, 0). Choose an O CxMxCi0 -basis (vi, . . . , v n ) of 
O(H) with connection matrix 

1 r rit 1 m 1 1 

n = - Y Ci— + -Y C k dt k + -Fdy + -Udz 
z U z ' z z 

i=l i=r+l 

with matrices Ci, C k , F,U G M{n x n, OcxMxc.o) and the matrix 

R := {P{vi,Vj)) G M(n x n, C c *xAfxc,o)- 
Flatness and z-sesquilinearity of the pairing give 

dR(z, t, y) = n tr (z, t, y)R(z, t, y) + R(z, t, y)£l(-z, t, y), 

that means, 



Zg^R{z,t,y) = 


-U tr (z,t,y)R(z,t,y) - 

z 


-R(z,t,y)U(- 
z 


-z,t,y), 


(1.40) 


d 

Oti 


-Cf{z,t,y)R{z,t,y) - 

z 


-R(z,t,y)C t (- 

z 


-z,t,y), 


(1.41) 


W k R{z ^ y) = 


-C t k r (z,t,y)R(z,t,y) - 

z 


-R(z,t,y)C k (- 

z 


-z,t,y), 


(1.42) 


-^R(z,t,y) = 


-F tr {z,t,y)R{z,t,y)- 

z 


-R(z,t,y)F(- 

z 


-z,t,y). 


(1.43) 



Write R as a power series 

oo 

R(z, t,y) = J2 R(l) (*> with R(l) e M ( n x °c* xm,o • V 1 ) 

1=0 

and define 

R^ l \z,t,y) :=J2R^(z,t), 

3=0 

analogously for Ci,C k ,F,U, with cf\C k \ F^ l \ G M(n x n, C CxM ,o • y 1 )- Then R^ G 
M(n x n, z w O Cx m,o) because (H,V,P) is a (Zo#£> - trTLEP(w) )-structure. 
Induction hypothesis for k G Z> : 

i^'> GM(nxn,^0 CxM xC,o)- 
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Induction step from I to I + 1: Recall the definition of M(> I) in ( 11.301) . The equations 
O0| . (OT| and (P5D show that one has modulo M(> /) 

cP tr (0,t,y)[z-™R^ l \z,t,y)) U=o 
=[z- w ^ l \z,t,y)} \ z = Cf l \0,t,y), 

Cl^ tr (0,t,y)[z-™R^(z,t,y)} \ z=0 
= lz- w R^ l \z,t,y)] \ z =oC^ l \o,t,y), 

U^ tr (0,t,y)[z- w R^(z,t,y)] U=o 
=[z- w R^ l \z,t,y)} \ z=0 U^ l \0,t,y), 



Because of the generation condition (GC) the matrix F^- l \0, t, y) is an element of the commu- 
tative subalgebra of M(n x n, 

O M , [y])/ M (> which is generated by C[~ l \ . . . , c£ l) ,U^ l \ 

Therefore modulo M(> I) 

F^ tr (0,t,y)[z- w R^ l \z,t,y)} \ z=0 
= [z- w R^ l \z,t,y)} \ z=0 F^ l \0,t,y). 

This together with (11.431) completes the induction step. □ 

(B) Transformation properties 

In this section we want to clarify the transformation properties of the global sections 
Vi, . . . ,v n , which were defined in lemma [T. 131 under pullback by a map <p : M x C' ->MxC 
of a given log(D) — trTLEP(w)-structure. Furthermore the meaning of the base change 
matrix B between the elementary sections Sj around the divisor {- ■ t\ • . . . • t r = 0} and the 
global sections Vj of an adapted basis will be investigated. 
W.l.o.g. we can assume that 

B = I + B^z- 1 + B^z- 2 + ... . 



Let rank H = n and s\, . . . , s n be elementary sections as above. 



There exists ctj, /3„- , . . . , /?■ G C with j G {1, . . . , n}, 



Aj G H°°(e~ 27ria >, e" 2 ^ (1) , . . . , e' 2 ^), 

N (Q) _«■<*) 



N^' t — r u ■ — — 



k=l 



and for k G {1, . . . , r} 

M 1 - -* := Monodromy around z = 0, iV*- - 1 = log(unipotent part of M^ '), 

M (fc) := Monodromy around t k = 0, iV (fc) = log(unipotent part of M {k) ). 
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(k) j\Ak) /\/f( fc ) 



With respect to the basis A 1 ,...,A n we have matrices M y J at , M\/ mat , M ( u ^ at , N^ t with 



M. 



(k) 



s,mat 



\ 



-27ri/3i fc) 



for k G {0,1, ... ,r} with /3j ^ := aj. Observe that these matrices commute. But in general 
the matrix 



g (k) 

Hmat 



(A 



(k) 



does not commute with M^at an d ^mlt- Set 



A : = 



We have 



\ 



0/ 



Vt fc a tfc Sj = 



jv(o) -r-r B (l) -^- 



n 



for k G {r + 1, . . . , m}, 
for A; G {1, ... , r} 



1=1 

This means in matrix notation (for k G {1, . . . , r}) 

t fc 9 tfc ( Sl , . . . , s n ) = ( Sl , ...,s n )- fei + ^ A" 1 ^ A 



We have 



33 



1=1 



;i.44) 



Because (si, . . . , s n ) is a holomorphic basis of #|(pi\{o»xM we have the following restrictions 



on the entries of N„ 



(k) 



mat' 



(N^h ? =► aj < a, and ft> > 



(0 ^ aif) 
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Now we decompose N^ t in terms of powers of z 1 . Write 





r(*.0 

"mat ' 



(iV, 



(fc,o v 

mat /ij 



(iV, 



ay — on ^ —I 



matjij a j a i ^ 



(fc) 



As above we have a basis v\ , . . . , v n of global sections such that 

oo 

(v 1 ,...,v n ) = (s 1 ,...,s n )-C£z- k B {k \t)). 

Set 



k=0 



(OL\ 



O^mat ■' 



o:, 



It follows that there are formulas for Ai,Ci,U,V in terms of A, N^ t , N^l t , /3^ f , a mai and 
BW. Define 



(fc) 



A := 



m=i€- j 



We have for example 



A i = Pmat + ^ A_1 N mat& i G {1, ■ ■ ■ ,f}, 
Z7TZ 

a = [A M B«] + ^A- 1 JV^A + i 6 {1, 

lixi at 4 



,r}, 



C; 



j G {r + 1, . . . , m}. 



But we will not use this formulas in the following. Recall that an elementary section is utterly 
dependent on the chosen coordinates cf. [HelJ. Assume that we have given two unfoldings 

(H -> P 1 x (M x C',0)) with coordinates y a on C l , 
(H' -> P 1 x (M x C'',0)) with coordinates y' a on C 1 ' . 
We now want to examine the properties of a map 

(p : (M x C 1 ', D x C'', 0) -> (M x C\ D x C', 0) 
with (#', V') ~ <f*(H,V) 
and U/x{o}= id- 
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Therefore tp has the following form 

tf = (</?i, ...,tp r , Vr+1, • • • ; ¥m, <Pm+l, ¥m+l) 

= (*! • e Ul(ty) , . . . , t r ■ e Ur{t ' y '\ <p r+1 , ...,<p m , tp m +i, • • • , tfim+l)- 
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(1.45) 



But this has the following effect on the elementary sections (here we identify <p*(Aj) with A'-) 

JV(0) -|— r ^)_NO± J_ (fc) (fc) 

fc=l k=l 

= m e ^ k) -^)-Mt,y')\ s ^ 



\k=i 



=if 5 in 

*;=i 

which is in matrix notation 

tp*(si, ...,s n ) = 

= («i,-,0-(II e( " abA 



(fc) 



vfc=l 
r 



n 



oPmat' U k 



k=l 



— A_1 N mlt A ) U k 



\k=l 



n 

vfc=l 



We now want to expand the matrix 



in powers of z x . We use the matrices N^t defined above. This yields 

Observe that for fixed fc the matrices in general do not commute. Therefore we have 

the following expansion: 

e (-^A-i.7V« t .A)« fc 

= z°-A- 1 • e~^ N ™*' Uk ■ A 



+ 2 



+ 



-i 



- 1 X^.(n^.n^ + n^n^).a + 



2! \27Ti J 
+ z- 2 -[...]+z-*-[.. .] + ... 
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T ^ ' e^^^ ■ A and 



k=i 



3 (k) -in 

(fmat a k _ 



k=l 



Let v i, . . . , v n respectively v[, . . . , v' n be the canonical extensions of vi, . . . , v n . We then have 
{v 1 ,...,v n ) = {s 1 ,...,s n )-[^z- k BW) with B^ = I 



,k=0 



and analogously for H' — > P 1 x (M x C'',0). Now we are able to examine how the global 
sections (v\, . . . ,v n ) behave under a pullback (where we identify the flat sections A'j of H' 
and the sections (p*(Aj) of ip*(H)). 



(p*(yi, ...,v n ) 



v fc=o / 

= («i,---,0-ff[e ( -^ A " 1JV ^ A)ttfc 



vfe=l 



n 

vfc=l 



oo 



=: (si, ... , s' n ) ■ (z° ■ F 1 + z" 1 ■ T 2 + z~ 2 •[...] + ...)• A • I ^2 z~ k (B^ o tp) 

\k=0 , 

= (ai,...,0- [r i -A + ^- 1 - (r 2 .A + rv a- (Po V ))+ z - j . [...] + ...' , 

and therefore 

^(^...^•A-i.rr^ 

(4 •••,<)• [i + z- 1 - (r 2 .rr 1 + r 1 .A.(s 1 o (/? ).A- 1 -rr 1 ) + ..." . 

Now the matrix r 2 above is defined implicitly and its form is extremely complicated. But we 
do not need its explicit form in the following. 

Recall the definition of the global sections V\, . . . ,v n , which are a canonical extension of an 
adapted basis vi, . . . ,v n . They were defined being elementary sections of the residue connec- 
tion V res onH \{oo}x(Mxc'fi) wnen restricted to {oo}x(MxC', 0) and (v u . . . , v n ) |pi x (Mx{o},o)= 
(i>i, . . . ,v n ). Now recall the correspondence between logarithmic Frobenius type structures 
and (logD — trTLEP(w) )-structures. Given a (logD — trTLEP(w) )-structure we set K : = 
H I {o}xm and used the canonical isomorphism between H |{oo}xm an d K to shift the residue 
connection of V on {oo} x M to a connection on K. We therefore have 



but this yields 



(t>l, . . . V n ) lloojxAfxC* — ( s l> • • • , s n) |{oo}xMxC' 
(v[, ...v' n ) IjoojxMxC'' = ( S 'l5 • • • > S 'n) l{oo}xMxC 

V *(v 1 ,...,v n )-A- 1 -T^ 1 = (d' 1 ,...,v' n ). 



1.46) 
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This formula is the crucial ingredient in proving the universality of an unfolding. 

(C) We now prove the theorem II. 121 

Proof. Let ((M, 0), D, K, V r , C, U, V, g) be a Frobenius type structure with logarithmic pole 
along D as in theorem 11.121 let w G Z and ((M, 0), D, H, V, P) be the corresponding 
(logD — trTLEP(w) )-structure. Because of the lemma and condition (IC) an unfolding 
((M x C , 0), D, H, V, P) exists such that for the corresponding Frobenius type structure 

C.£ : Der Mx0 (logD) o — ► K 

is an isomorphism. Now we are in the isomorphism case which shows that the constructed 
Frobenius type structure corresponds to a Frobenius manifold. 

It rests to prove uniqueness of this Frobenius manifold. As mentioned above this is equivalent 
to the universality of the unfolding. Therefore we now prove universality of the unfolding. 
Consider a second unfolding ((M x C ,0),D',H','V', P'). The two connection matrices of 
the corresponding (logD^'^ — trTLEP(w) )-structures are 

' tj z ' tj z ' z / — ' z l z 

1=1 1 1=1 1 j—r+1 a=l 

n' = ±A l ^ + 1 -±c'^ + 1 -± c' jd t 3 + 1 £ Kdv' a + ( V + l -v')dz 

i=l i=l j=r+l a=l 

where Q is with respect to adapted sections (vi, . . . ,v n ) and Q' is with respect to adapted 
sections (v[, . . . , v' n ), which are both canonical extensions of adapted sections (t> 1; . . . , v n ). 



We want to find a map tp : (M x C'', D') — > (M x C', -D) with <^\mx{o} — id such that 

<p*(y) = V (1.47) 

Now the discussion in (B) shows that the <p*(vi, . . . , v n ) booixMxC 1 ' are n °t elementary sec- 
tions of the residue connection of <p*(V) on {oo} x M x C 1 ' in general. But we know from 
formula (OSII that 

<p*(v x ,...,v n ) • A^-rr 1 | {oo}xM xc' 

are elementary sections of the residue connection of </?*(V). Now set 

r : = a- 1 ■ rr 1 . 

Therefore if we identify ((p*(vx), . . . , (p*(v n )) ■ T with (v[, . . . , v' n ) the following relation must 
be satisfied if we want (11.471) : 

n' = r _1 dr + r-V*(fi)r. (i.48) 

The reason that we have to use this matrix T is, that the sections (fix, . . . ,v n ) were defined 
using elementary sections (with respect to the residue connection). But elementary sections 
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are coordinate dependent, therefore we can not expect equality of (f*(vi), . . . ,<f*(v n )) and 
(v[, . . . , v' n ), unless the first i components of ip are the identity. 

We want to use the uniqueness statement in lemma H.l 31 that an unfolding is determined by 
the first columns of the F a in the connection matrix. Therefore if we want to have (11.471) . 
<f : (M x C 1 ' , D') — > (M x C l , D) must satisfy if | a/ x {o}= id an d the first columns of the F a 
must be equal. 

Now observe that if we have f |mx{o}= id then we have 

T^dT + r~V ( 5^ Ai ~T ) r l{oo}xMxC = ^2 A i~T \{oo}xMx0' 

\i=i 1 ) i=i 1 

because (v[, . . . , v' n ) and <f*(v 1: . . . , v n ) ■ T are both elementary sections on {oo} x M x C 1 ' 
which coincide on {oo} x If x {0} and therefore coincide on all of {oo} x M x . 



We have /' equations coming from (11.481) and using (11.451) 

i=l Va j=r+l ° V <* (3=1 ° y P 

We consider the first columns of T" 1 • Cj • T and T" 1 • F a ■ T respectively and denote these 
with an upper /. The matrices 

S = (C{, C^, F*, . . . , F() , 

and S which is defined by 

((r- 1 ■ (d o ip) ■ r) 1 . . . (r- 1 • (c m o f) ■ r) 1 (r- 1 • (f, o v ) . r) 1 . . . (r- 1 • (f, o f) ■ r) 1 ) 

are locally invertible around {0} x {0} because T |a/x{o}= !■> therefore S \mx{o}— S \mx{o\ 
and S is invertible in {0} x {0} by construction. We get the following system of equations 

l(T?l\I f 9Ul dUr 9( fr+l 9ip m df m+ i df m+ i tr 



^dy'a ' " ' d y'a ' d y'a d y'a ' " " dy'a 



Now ip is determined on M x {0} (the identity) and we can solve for f with the theorem of 
Cauchy-Kovalevski by using induction in a. 

The beginning of the induction is clear: 

(r-Mr + r-y(o)r) \ Mx{0} =q' \ Mx{0} 

because T |Afx{o}= 1 and V 9 |mx{o}= id. 

Now assume that we have constructed if such that 

(V l dT + r _ V*(^) r ) \Mx{y a =...= yi ,=0}= 0' \Mx{y a =...= yi ,=0} ■ 

We use the equation 

5-i(pi\i\ = (^± dv^ dfr+i dif m+ i tr 

1 a) ^=-=w=° ^dy'J'" 1 dy'J dy' a '"'^ dy' a ' l^=-=^'=° 
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to construct an extension of tp from M x {y a — . . . — y v = 0} to M X {y a +i — ■ ■ ■ — Vv = 0} 
by using the theorem of Cauchy-Kovalevski. From the construction of the extension of <p 
follows that the first column of F' a and the first column of the corresponding matrix in 
Y~ l dY + Y~ l ip*{VL)Y coincide on M x {y a +i = ■ ■ ■ = yv = 0}. The uniqueness statement of 
lemma 11.131 in the case I = 1 gives 

(T~ l dT + r~V*(^) r ) \ Mx{ya+i= =yii=0} = ft' \ M x{ yct+1 =...= yi ,=o} ■ 

which was to be shown. 

It rests to prove uniqueness of ip. But the condition <p |a/ x {o}= id and the equations 
g_i /„/>./ _ ( dux du r dp r+1 d<p m dp m+ i d<p m+ i tr 

show that <y9 is unique. 

□ 

2. Logarithmic Frobenius manifolds and quantum cohomology 



In this section we show how to construct a Frobenius manifold out of quantum cohomology 
where we are following [MaJ. With the definition of a logarithmic Frobenius manifold at hand 
we show how this construction extends for smooth, projective varieties to give us logarithmic 
Frobenius manifolds. This construction enables us to prove a partial generalization of the 
first Reconstruction theorem in |KMj . 

2.1. Quantum Cohomology and Frobenius manifolds. 

We now define quantum cohomology on the even dimensional cohomology ring. That means 
we define a potential on H* ven (X,C) which we use to define a quantum deformation of the 
cup product. Let T = 1 G H°(X, C), T±, . . . , T r be a basis of H 2 (X, C) and let T r +i, . . . , T m 
be a basis for the other cohomology groups lying in H* ven (X,C). Put 7 = Y^T=o^^- m this 
section we only consider the free parts of H 2 (X, Z) and H 2 (X, Z) and denote them by the 
same letters. 



Definition 2.1. Let X be a smooth projective variety. Then the Gromov-Witten potential is 
the formal sum 



00 

$ w = E E ^w(7 n ) (2.1) 

n=0 /3£H 2 {X,1) 



n=0 /3£H 2 (X,2 
^class ^quantum 

where we set {Io,n,p) — for n < 2. 
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There are two problems with this definition. The first is, if for fixed n the sum 

E -^n, P ){l n ) (2.2) 

z — ' n! 

does converge. Usually one introduces the Novikov ring as the coefficient ring to split the 
contribution of the different (3. But here we will assume that (12.21) does converge. The second 
problem is if the whole sum (12. ip gives a well-defined function at least in some domain of 
H*(X,C). 

Assumption: We assume in the rest of the paper that the individual summands in the 
Gromov-Witten potential are convergent. We assume also that the Gromov-Witten potential 
gives a well defined holomorphic function in the domain 

r m 

B:=B x j[{Re(ti) < n} x J] B, C H* even (X, C) , 

i=l j=r+l 

where Bo resp. flilr+i Bj are (poly)discs in H° resp. H A © ... © jj^imx an( ^ r . g| f or a rj ^ 



Remark 2.2. Write 7 = 70 + 5 with 5 G H 2 (X, C). We use the divisor axiom and the 
fundamental class axiom to rewrite the expression for the potential: 



QquantumilQ + 5) = E Eui^^ ® ^ 



i,fc>0 pyo 



EEV<w(7f) 



E E e( ^ } < J °^) fe 1 ® • • • ® T t) "\ m } 

a n^-n Jr+1- ■ ■ ■ Jm- 



Definition 2.3. Lei $ &e the Gromov-Witten potential for a smooth projective variety X. 
Then define 

T * T ■ - V T fc 

where {T k } is the dual base with respect to the Poincare pairing, i.e J x TjUT- 7 = Sij. Extending 
this linearly gives the big quantum product on the cohomology H* ven (X,C). 



A CONSTRUCTION OF FROBENIUS MANIFOLDS 29 

Lemma 2.4. For alli,j,k, we have 

d 3 $ 



E E ^( / 0,n+3,/3)(7i,^,7fc,7 r 



dtjdtjdti ^ ^— ' n! 

n=0 /3eH 2 (X,Z) 

_ /jV+i j.j' m 

= E E e < f °. w) ® T i ® ® gffi ® ■ ■ ■ ® ffio 

flJn Jr+l- • • • 3m- 



+ y Tj U Tj U T fe . 

Troo/. See [CK] lemma 8.2.3 . □ 



It is a well known fact that * is commutative and associative, with unit To. For a proof see 



2.1.1. Construction of Frobenius manifold. 

Because of the assumption on the Gromov-Witten potential stated above we will get a Frobe- 
nius manifold on the open subset B C H* ven (X, C). We consider now B C H* ven (X, C) as a 
manifold with global coordinates tj with respect to a basis {Tj} as above. At each point the 
tangent space is canonically isomorphic to H* ven (X, C). Denote the global vector fields as d ti 
and define a metric 



Qi^Ai) '= 9ij = I TiUTj. 

Jx 



Observe that the metric is constant so that the induced Levi-Civita connection is V = d with 
respect to the sections d ti . Denote by deg(d ti ) the degree of d ti in H*(X,C). We define the 
Euler vector field as 

i deg{d tj )=2 

where the r- 7 are defined as 

Cl (X)= r%. 

degTj=2 

Proposition 2.5. Let E as above. It holds 

O .) E $ quantum (3 difflX J ^quantum > 

b. ){E - E(0))^ dass = (3 - dimX)3> dass , 

c. ) = (3 - dimX)$ ijk - (3 - de 9 d u + degd t] +degd tk \ ^ 
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Proof. Recall that 

Quantum = £ ^ V ^ ^ ® ' ' ' ® T t) *\ ' " ™ y 
a m *■ jr+1- • • ■ Jm- 

We apply E to that term. The E(0) term acts only upon e^> s > and multiplies it by (ci(X), /3). 
The E — E(0) part multiplies any monomial ^ • in non-divisorial coordinates by — 
deg{T ai ) y observe that the Gromov-Witten invariants contribute only for such (3 which satisfy 

1 " /■ 

- 2_] deg{T ai ) = dimX + / C\{X) + n — 3. 

2 i=i ^ 

Hence every non- vanishing term is an eigenvector of E with eigenvalue 3 — dimX. 

b. ) is clear. 

c. ) We are using [E, d t J = -(1 - ^f^)d tm . 

E<S> ljk = Ed ti d t .d th $ 



= d tA d tk E* - ( 3 - de 9 d ti+ de 9 d, +d e 9dt ^ ^ 

The statement follows with 

= E§ quanturn + (E- E(0))3> dass + E(0)<S> class 

= (3 - dimX)$ quan tum + (3 - dimX)$ dass + E(0)§ dass 

and the observation that d ti d tj dt k E(fi)^ dass = because $ c zass is only cubic in the £ m . □ 

We now have to check that this defines the structure of a Frobenius manifold. The properties 
(1) — (4) in definition 11.31 are easy to show. We are using Einstein sum convention. 

(5) Liesi*) = 1 ■ * arid Lie E g = (2 — d) ■ g with d = dimX. 
Here we use proposition 2.10c . 

Lie E (*)(d tv d tj ) 
= [E, d u * d tj ) - [E, d ti ) * d tj - d u * [E, d tj \ 

= [e, *M + (i - * a, + (i - * ft, 



(3 - fcX)9 ti * d tj - (1 - - (1 - ^^)$ ^ 



Lie E (g)(d ti ,d tj ) 

Eg{d ti ,d h )-g{[E,d u ],d t .)-g{d ti , [E, d tj ]) 

o + (i-^)^ + (i-^k, 

(2-dimX)g(d ti ,d tj ). 
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2.1.2. Logarithmic Frobenius manifolds. 

Above we constructed a Frobenius manifold on an open subset B of H* ven (X, C) but this 
description has a little drawback. The point where the multiplication is simplest is not 
included. We now consider smooth, projective varieties X. Choose as above a homogeneous 
basis T e H°, T u . . . ,T r e H 2 , T r+1 e H 4 ,...,T m e H 2dimX such that the T u . . . , T r are 
homogeneous with respect to the decomposition H 2 = H 2 ' © H 1 ' 1 © H ' 2 . The part of the 
basis which lies in shall also lie in the Kahler cone. 

If we look at 

Quantum = E E ~T (WCffff ® • • • ® ffi) ^\ ' ' ' , ? , , 

3r+l, — ,3m P^O 

we see that the quantum potential is periodic with respect to S but observe that $ c /ass is not. 
Consider the map 

r m 

^):Bh M* := B x JJ{0 < < e r <} x JJ ^ , 

j=l j'=r+l 

V? : qi = e u ie{l,...,r}, 

y? : tjt-+ tj j G {0, r + 1, . . . , m} , 

The potential Q quantum is well-defined on the image but $ c /ass is not. But if we only consider 
the third derivatives of the potential, d 3 & c i ass is a constant and because of that well-defined 
on the image. 

We want to investigate the limit — > for some %. Therefore we have to look at the term 
e (A<5) more closely. Let 5 = Yli=i UTu then we have 

i 

Now for all effective (3 we have Tj) > but only these (3 occur in the Gromov-Witten 
potential. Therefore the limit is defined. 

In the limit qi — > Vi all terms in the quantum potential vanish because ^ and the 

Tj, i e {1, ...,r} are a basis of H 2 (X). 

Set 

r m 

M = B x Y[{0 < \ gi \ < 1 + e} x Y[ Bj . 

i=l j=r+l 

It is now clear that § quantum, being a power series in the qi for i e {1, . . . , r}, is convergent on 
M. As a consequence we have defined a Frobenius manifold structure on M* and the quantum 
multiplication degenerates at q^ = OVi to the usual cup product. It rests to examine if this 
defines a logarithmic Frobenius manifold. Note that the divisor D = M \ M* is normal 
crossing and that the ip*(d ti ) are a basis of Dtx M (logD). Because of d ti h- > we have 

£ = t<A, + E (i - ^f^A + E 

i=r+l j=l 
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so e, E G DerMilogD). 

Because is denned for q$ — > and (p is locally biholomorphic we can define a multiplication 
on Der M (logD) 

V*{dti) * ¥*{d t .) := (p*(d t . * d tj ). 
Because g(d tl1 d tj ) is constant, we can define 

g{w*{d ti ),ip*{d tj )) := g(d ti ,d tj ). 

We extend both the multiplication and the metric g C^-linearly. It follows that M car- 
ries the structure of a logarithmic Frobenius manifold. We call the point p defined by 
{to = Qi — ■ ■ ■ — Qr — t r +i — ■ ■ ■ t m = 0} the large radius limit point. 



2.2. The first Reconstruction Theorem. 

We want to give a geometric interpretation and partial generalization of the first Reconstruc- 
tion Theorem of Kontsevich and Manin given in [KM] . For the convenience of the reader we 
restate the theorem. 

Theorem 2.6. Let X be a smooth projective variety with the property that H*(X, Q) is gener- 
ated by H 2 (X, Q). Also assume that we know the Gromov- Witten invariants (Io,3,p){c(i, ct2, 0^3) 
for all (3 G H2(X,Z) with degas — 2. Then we can determine all tree-level Gromov- Witten 
classes Jo, n ,/3(tti, • • • , «„) for all (3 G H 2 (X, Z). 

In |KM] the additional condition J^ci(X) < dimX + 1 is demanded. This can be explained 
as follows. In order to be non-zero the classes must fulfill ^2deg(di) = 2(J^ci(X) + dimX) 

but we have X^=i deg(ai) < AdimX + 2 (assuming deg(as) = 2). Therefore this condition is 
automatically fulfilled. 

There is the following partial generalization of the theorem: 

Theorem 2.7. Let X be a smooth projective variety. Let Si, . . . ,S U be generators ofH* ven (X, C) 
with respect to the cup product. Set J^ =1 C • 5k = W C H* ven (X, C). Assume that we 
know the Gromov-Witten invariants (Io^pti&i, a 2, &3, ■ ■ ■ , ®-n) f or oil (3 G Hi{X,'£) with 
013, . . . , a n G W and for all n > 3. Then we can determine all tree-level Gromov-Witten 
classes 7o,n,/3(tti, • • • , « n ) for all (3 G H 2 (X, Z). 

Proof. We first remark that the tree-level Gromov-Witten classes can be uniquely recon- 
structed from the tree-level Gromov-Witten invariants. This follows from [KMJ proposition 
2.5.2 . Therefore it rests to prove that we can reconstruct the corresponding Gromov-Witten 
invariants. Recall the map 

<p: I! ■ > M '. 

and the logarithmic Frobenius manifold constructed on M. In proposition II . 71 we proved that 
the latter gives rise to a logarithmic Frobenius type structure on M . Restrict this logarithmic 
Frobenius type structure to the submanifold iV = ip(W D B). The Higgs field on N (which 
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comes from the quantum multiplication restricted to N) incorporates only Gromov-Witten 
invariants of the form (Io,n,p) ( a ii ■ ■ ■ > a n) with a%, . . . , a n G W (cf. definition 12.31 and lemma 
12.41) . Let £ = (p*(d to ) = d to . Then it is clear that (IC) is satisfied. The condition (GC) 
holds because the S\, . . . ,8 U are generators of H* ven (X, C) and * is simply the cup product at 
p (the large radius limit point). Recall the definition of E in the quantum cohomology case 
and that of V. We see that Va tQ S = d to . So {EC) is satisfied. Now theorem (11.121) states 
that we have a universal unfolding which is equivalent to a Frobenius manifold. So we have 
reconstructed the big quantum product. To extract the Gromov-Witten invariants we recall 
the following formula 

T * T- - V T k 

Therefore we know Qt 9 Q^ dtk for all k. If we integrate this three times we get $. Now recall 
the definition of $: 

oo 1 

$ w = E E ^<w(7"). 

n=0 /3eH 2 (X,Z) 

Notice that because of the integration we have an ambiguity in the terms for n < 2 but with 
the definition above ((io,n„s) — for n < 2, (3 ^ 0) this ambiguity is fixed. 



Now we want to extract the single Gromov-Witten invariants out of the potential. Recall 
remark [2721 where we saw that 

+3 r + 1 fjm 

%uantum(lO + S) = £ £ < W ® . . . ® ) -^±LllUlL_ . 

Because of our assumption that the potential is holomorphic, we can differentiate with respect 
to U, ji times such that Y^i= r +i j% = n to get the term 

r+l ■ ■ ■ m ^ 

Choose a basis Ti, . . . T r in H 2 (X, Z) and a basis S\, . . . S r in H 2 (X, Z) such that (S*,, I}) = 8y, 
this is possible due to Poincare duality. Restrict the term above to the M- vector space spanned 
by iT\, . . . , iT r and let t = (t\, . . . , t r ) be coordinates on that space. Then the term above 
gets a multi-dimensional Fourier series 

lGZ d \{0} 

Now the single coefficients can be obtained by integration. □ 



Let us compare the two theorems. If H* ven (X,C) is if 2 -generated, then W = H 2 . Thus the 
corresponding Higgs field incorporates only Gromov-Witten invariants of type (Io,3,p)(Ti <S> 
Tj®Tk) with deg(Tk) = 2 and the other restrictions mentioned above (here we use the divisor 
axiom). Therefore theorem (12. 7p generalizes theorem (12. 6p for smooth projective varieties 
which fulfill the convergence assumptions above. 
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3. Hodge Asymptotics 



In this section we prove the existence of a filtration IA, opposite to the Hodge filtration 
T* of a polarized variation of Hodge structures which degenerates along a normal crossing 
divisor (prop. 13. lip . This is used in theorem 13.191 to show that the above data give rise to 
a logarithmic Frobenius manifold if the limiting PMHS is Hodge- Tate, split over M and an 
additional generation condition is satisfied. 

3.1. Generalities. 

First we recall some definitions. 

Definition 3.1. A mixed Hodge structure is a triple (Hi, W„ F'), where Hi is a lattice, W, 
is a finite increasing filtration on Hq = Hi £g> Q, and F' is a finite decreasing filtration on 
H = Hi <g> C, such that the induced filtration on the quotient Gr^H = W k /W k -i defines a 
Hodge structure of weight k. Here F p Gr\ ¥ H is the image of F p n Wk in Gr^H, 

F p GrfH = (W k HF p + W k ^)/W k ^ . 

F* is called the Hodge filtration and W, the weight filtration. 

Let H be as above and H®. '■= i/z®lR. Let S be a nondegenerate (—1 ^-symmetric pairing 
on H with real values on H^. Let N be a nilpotent endomorphism of H-r and of H which is 
an infinitesimal isometry of S. One obtains a weight filtration W m in the following way: 

Lemma 3.2. Let (H, H R , S, N, w) as above. 

(a) There exists a unique finite increasing filtration W, on H^ such that 
N(Wi) C W1-2 an d such that N l : Gr^ +l — > Gr^_ L is an isomorphism. 

(b) The filtration satisfies S(Wi, Wi>) = for I + V < w. 

(c) A nondegenerate (—l) w+l -symmetric bilinear form Si is well defined on Gr^ +l for 
I > by S[(a, b) := S(a, N l b) for a,b 6 Gr^ +l with representatives a,b G W w+ i. 

(d) The primitive subspace P w+ i C Gr^ +l is defined by 

P w+l := ker(N l+1 : Gr™ +1 — ► Gr^_ t _ 2 ) 
for I > and by P w+ i := for I < 0. Then 

i>0 

and this decomposition is orthogonal with respect to Si ifl>0. 

Proof. See |Sch] Lemma 6.4 . □ 

Definition 3.3. A polarized mixed Hodge structure of weight w consists of (H, if R , S, N, w), 
W, as above and an exhaustive decreasing Hodge filtration F* on H with the following prop- 
erties. 

(1) F'GrY gives a pure Hodge structure of weight k, that means, 

Gr™ = F p Gr\ v © F k + x ~PGrf . 
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(2) N(F P ) C F p ~ l , i.e. N is a (— -1,-1) -morphism of mixed Hodge structures. 

(3) S(FP, F w+1 ~p ) = 0. 

(4) The pure Hodge structure F*P w+l of weight w + I on P w+ i is polarized by Si, that 
means 

S^P^u F w+l+l - p P w+l ) = 0, 

. pHw+l - p)Si ^ _ )>Q forae FPPw+i n Fw+i - pPw+i _ {0} 

A PMHS comes equipped with a generalized Hodge decomposition, namely Deligne's I p,q . 
Lemma 3.4. For a PMHS as above define 

P* : = (f p n n (F? n W p+9 + ^ n 

i>o 

jp>9 ._ fcer(N p+q ~ w+1 ■ P ,q > pw-q-i,w-p-i^ 



Then 



F p = P\ Wi = F' 9 , 

i,q:i>p P+q<l 

N(P' q ) c F- 1 '"- 1 , JP.9 = N j I$ +j > q+j 

j>0 

S{P' q , I r ' s ) = /or (r, s)^(w-p,w-q), 
S(N l I p > q ,Nn r > s ) = f r(r,s,z+j) + (q,p,p + q - w), 



I q ' p ~ I p 'i mod W, 



p+q-2, 

I q ' p ^W q modW p+q _ 2 . 

Proof. See [Del] (1.2.8), [UaK] or pM] 2.3 . □ 

Definition 3.5. A variation of Hodge structures of weight n is a quadruple (Wz,V, M, J 7 ') 
where M is a complex manifold, Hz is a local system with coefficient group ll 1 for some h, 
and V a flat holomorphic connection on the holomorphic vector bundle H = Hz <8> Ou such 
that the sections of Hz are V-flat. T* is a decreasing filtration of holomorphic vector bundles 
T p C TC. These objects have to satisfy the following two conditions: 

• for each point t £ M the filtration T* induces a filtration J 7 ' on the fibre Hz <8> C at 
t £ M constituting an HS of weight n, 

• V{F P ) C tt l M ®q m T p - X for each p. 

Moreover, if there is a flat, non- degenerate bilinear form S : Hz x Hz — ► Qm defining a 
polarized HS for every t £ M, then the VHS (Hz, V, M, JF*) is said to be polarized. 



Now assume that we have given a manifold M = A n , a normal crossing divisor Z on M such 
that M \ Z — (A*) r x A n ~ r , Z = \J j=l D 5 and a polarized VHS on M \ Z. We want to 
construct a Frobenius manifold which encodes these data. First we construct a filtration U, 
which is opposite to the Hodge filtration T* '. This is done using Schmid's limiting MHS and 
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Deligne's I p ' q, s. Then following |HM] chapter 5 we construct a Frobenius manifold out of the 
latter. 

Now let H —>■ M \ Z be the flat vector bundle with connection V coming from a polarized 
VHS. Let Tj be the mondromies of V with respect to Dj for j = 1, . . . , r. Let Nj : = log(7} iU ) 
be the logarithm of the unipotent part of Tj. Observe that both Tj and Nj act on the fibers 
of H and all % and Nj commute with each other. Let 

t:U — > M\Z 

(z,w) = (zx,...,z r ,w r+1 ,...,w n ) i-> (e 2mz \ . . . ,e 2mZr ,w r+1 , . . . ,w n ) = (t,w) 
be the universal covering. We fix a flat isomorphism for the rest of the paper 

Poo : t*H ~ H°° x U . 
For each (z,w) G U we get an isomorphism 

P( z ,w) '■ H T ( ZjW ) — > H°° . 

Now we have 

P(z 1 ,...,Z J +l,...,Z r , W ) °Tj= P(Z,W) ■ 

The monodromies Tj act on H°° through the maps 

which are actually independent of (z,w). Therefore we denote them by Tj, too. The same 
applies to the Nj. 

The Deligne extension. 

For the rest of the chapter assume that all Tj are unipotent. Define for (z,w) G U the map: 



r 



cr(z,w) '■ H T ( Z)W ) — > H T ( Z>VJ ), A h- > Y\^tj Nl 2m (A) . 

3=1 

also acts on H°°. Now the maps <J( Z , W ) map a multi- valued V-flat section A on H to an 
elementary section on H : 

\[t^ ,{2m \A). 

3=1 

It holds: 

P(z,w) ° a {z,w) = P(zi,-,Zj+l,...,z r ,w) ° a (z 1 ,...,z j +l,...,z r ,w) ■ 

Therefore we can define 

Xt(z,w) ■= P{z,w) ° a ( z ] w ) '■ H T ( Z)W ) — > H°° . 

The Xt(z,w) map an elementary section to a constant value in H°°. 
Let V be the connection for which the elementary sections are V-flat: 

V := V+ > -^7—. 

3=1 J 

The elementary sections provide an extension of the vector bundle H — > M \ Z to a vector 
bundle H — > M on M, the Deligne extension. The connection V gives us a trivialization 



A CONSTRUCTION OF FROBENIUS MANIFOLDS 



37 



of H — > M. The maps X(t,w) provide an identification of the V-flat bundle H — > M with 
x M, which we will use in the following discussion. 

Fix (z,w) G U and consider the isomorphism p< z ,w) '■ H t i ZjW \ — > if 00 . Then we can shift 
the polarized HS on H T ( z ,w) to if 00 . We denote the obtained reference polarized HS by 
(H°°,H™,S, F' ) . The space 

D : = {filtrations F* C H°° | dimF p = dimF p , F w+1 - p ) = 0} 

is a complex homogeneous space and a projective manifold, and the subspace 

D := {F' G D | F* is a part of a polarized Hodge structure} 

is an open submanifold and a real homogeneous space. It is a classifying space for polarized 
Hodge structures with fixed Hodge numbers. 

Now let T* = U(t«j)gM\z F* tw y The monodromies give rise to a representation of the funda- 
mental group 

0:tti(M\Z) — >Gl(H°°). 
Set T = 0(7Ti(M \ Z)) = 0(Z r ). We have the following commutative diagram 



M\Z — Y\D 

with 

and where $ is Griffiths' period mapping for the polarized VHS in question. 
With respect to elementary sections we get the map 

* : M\Z — >D 

(t,w) ^ X(t,w)(F' tiW) ) ■ 

The fact that ^ takes values in D rather than D, reflects the fact that these sections are not 
real. 

Definition 3.6. A pair (F',N) is said to give rise to a nilpotent orbit if F* G D, the 
endomorphism N of H R is nilpotent and an infinitesimal isometry with N(F P ) C F v ~ x , and 

e zNp. e D j or j mz >b ^ beR ^ 

Then the set {e zN F* | z G C} is called a nilpotent orbit. 

Theorem 3.7 (Nilpotent Orbit Theorem). The map ^ extends holomorphically to A n . 
For (w) G A n ~ r , we have 

a(w) = V(0,w) G D. 

For any given number r\ with < r\ < 1, there exist constants a,/3 > 0, such that under the 
restrictions 

Im Zi > a, 1 <i <r, and \ Wj \ < rj, r + 1 < j < n, 
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the point exp(^' =1 ZiNi) o a(w) lies in D and satisfies the inequality 

l r i 

d(exp(%2ziNi)oa(w),$(z,w)) < (JJ/m(^)) /3 ^exp(-27r/m(^)), 

8=1 i=l 8=1 

here d denotes a Gr invariant Riemannian metric on D. Finally the mapping 

i 

(z, w) i— > exp(^^ z,iNi) o a(w) 
i=i 

is horizontal. 

Proof. See |Sch] Theorem 4.12 . □ 



We denote the point ^(0, 0) as F' im . 

Remark 3.8. Observe that the pair (F* im , Y^j=i a j^j) gives rise to a nilpotent orbit, for any 
aj > 0, j = 1, . . . , r. Schmids Nilpotent Orbit Theorem yields 

r 

exp (^ZjJV^OjeD for Im(zj) > a. 

3=1 

Then 

r 

eMzJ2 X i N M0,Q) (Ai>0) 

3=1 

is a nilpotent orbit, because for Im{z) > b = maxj(f-) the above expression lies in D. 

To build a PMHS on (0, 0) we need a nilpotent endomorphism to define a weight filtration 
but the question is which of the Ni we should use. The following result of Cattani and Kaplan 
provides an answer. 

Theorem 3.9. Let 

r 

C {» ; ,Y, A, ,(.¥/}. 

3=1 

C is called the monodromy cone. Then each N e C defines the same monodromy weight 
filtration. 

Proof. See, e.g. |CaK] Theorem 3.3 . □ 

We need a criterion for which N the tuple (H, Hj&, S, F', N) is a PMHS. 
Theorem 3.10. 

(1) The tuple (H, Hr, S, F 9 , N) is a PMHS of weight w <^ the pair (F m , N) gives rise to 
a nilpotent orbit. 

(2) // (H, H R , S, F*, N) is a PMHS with I q ' p = 7^, then e zN F 9 e D for Imz > . 



A CONSTRUCTION OF FROBENIUS MANIFOLDS 



39 



Proof. is |Sch] . Theorem 6.16. It is a consequence of the SX2-orbit theorem. '=^' is 
|CaKSch] . Corollary 3.13. The special case (b) is proved in [CaKSch] , Lemma 3.12. □ 

Now we are finally able to prove the first step in the construction of a logarithmic Frobenius 
manifold out of a variation of Hodge structures. Namely the construction of a filtration U, 
which is opposite to the filtration T* in vicinity of (0, 0). 

Proposition 3.11. Assume as above that we have given M = A n , M\Z = (A*) r xA'"', Z = 
Ui=i Dj, and a polarized VHS on a V-flat bundle H — ► M\Z with unipotent monodromies. 

Let H — > M be the Deligne extension of H — > M \ Z . 

(1) The bundle H — > M comes equipped with a canonical flat connection V and a V-flat 
isomorphism H — > H°° x M. 

(2) The Hodge subbundles of H — > M\Z extend to H — > M. The filtration F' m on 
Hq ~ H°° is part of a PMHS. For it one has Deligne's I p ' q . Then the filtration U, on 
H°° with U p := (&i q - i<p I l ' q is opposite to all F' tw ^ for (t,w) G M close to 0, and it is 

V-flat as well as V-flat. 

Proof. Part (1) follows from what has been said above. For part (2), F* m is part of a PMHS 
because of remark 13.81 and theorem 13.101 That U, is opposite to F' m is clear. We are using 
the V-flat identification H — > H°° x M mentioned above to construct extensions of the U p 
to V-flat subbundles U p on H. Because being opposite is an open property, all F? tw \ are 
opposite to U, for (t, w) near 0. 
For N G C we have because of lemma 13.41 

Because these N build an open cone in Y?j=i ^ ' Nj all Nj are linear combinations of such N. 
Therefore we have for all Nj 

Nj : — y p-hQ-i 

and therefore Nj : U p — > U p -i. Because U, is increasing U p is Nj- invariant for all Nj. Because 
we have V = V + Y^j=i l^T 1 we conclude that U, is also V-invariant. □ 

3.2. Construction of Frobenius manifolds. 

Section 3.2 is a generalization of chapter 5 of [HMJ. 
Lemma 3.12. (a) The structures (a) and (j3) are equivalent. 

(a) A logarithmic Frobenius type structure ((M,0),D,K,'V r ,C,U,V,g) together with an in- 
teger w such that U = and V is semisimple with eigenvalues in ^ + Z. 

(P) A tuple ((M, 0), D, K, V, J 7 ', U 9 , w, S). Here K — ► (M, 0) is a germ of a holomorphic vec- 
tor bundle; V is a flat connection with logarithmic poles along D; T* is a decreasing filtration 
by germs of holomorphic subbundles T p C K,p G Z, which satisfies Griffiths transversality 

V : C{T V ) — > n\SogD) ® o^- 1 )- 
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U, is an increasing filtration by subbundles U p C K which are flat outside D such that 

K = J*@U p _ 1 = Qj*nU 9 ; (3.1) 
g 

ujgZ, and S is a V-flat, (—l) w -symmetric, nondegenerate pairing on K with 

S{j*,f»+i-v) = o, (3.2) 

S(U p ,U w -i-p) = 0. (3.3) 
(b) One passes from (a) to by defining 

V:=V r + C, (3.4) 
F p :=Q)ker(V-(q-^)id:K — (3.5) 

W p := keriy - (q - |)id — (3.6) 
<?<p 

5(0, 6) := (-l) p ^(a, 6) for aeO(F p nU p ),beO(K). (3.7) 



Proof. First we prove part (b). The connection V r and the logarithmic Higgs field C are 
maps 0{K) -> n x M {logD) <g> 0{K). Then the flatness V r means (V r ) 2 = 0, the Higgs field C 
satisfies C 2 = 0, and the potentiality condition means V r (C) = V r oC + Co V r = 0. Therefore 
V 2 = (V r + C) 2 = 0, the connection V is flat and has logarithmic poles along D. 
The nitrations T* and U, obviously satisfy (13. ip and 

w 

T p nU p = ker(V - (p - —)id : AT — ► K). 

The connection V r maps OiT p fl W p ) to itself because V is V r -flat. Because U = we have 
[C, V] = C, which is equivalent to C x , X G ^tx M {logD) mapping 0(T v rUp) to O^^nUp^). 
Therefore W. is V-flat and T* satisfies Griffiths transversality. Obviously V' r and C have 
logarithmic poles along D. 

The condition (TLSD says that for a G 0(J^ fl U p ), b G ©(JF* n W,) 

5(0,6) = (-l) p #(a,&) =0 iip + q^w. 
Therefore S is (— l)™-symmetric and satisfies (I3.2p and (13.31) . 

To show that it is V-flat we have to choose a representant of ((M, 0), D, K, V r ) which we 
denote by the same letters. Now let U C M \ D open and simply connected. For X G 
5>n M (logD)(U) and V r -flat sections a G 0{F P C]U P )(U), b G 0(F q nU q ){U) we have 

(VjrS) (a, 6) = X 5(a, 6) - 5(V^a + C x a, b) - S{a, V r x b + C x b) 
= - (-l) p+1 g(C x a, b) - (-iyg(a, C x b) = 0. 

This shows (b). 

To pass from (/?) to (a) we notice that V is uniquely determined by 

w 

J rp nU p = ker(V - (p - -)id : K — ► K) 
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and g(a, b),aE 0{T P HU p ),be O(K) is denned by (j57j) . 

We can decompose V into V mapping 0{T V fl U p ) to itself and Cx for X G Qz? M (logD) 
mapping 0{T V fl W p ) to C(JF P_1 n respectively. This is possible because U, is flat and 

T' satisfies Griffiths transversality. 

Now we decompose V 2 into its components. Thus we have (V r ) 2 = 0, V r oC + Co V' r = and 

C 2 = 0. The second is equivalent to condition ( jl.ip in the definition of logarithmic Frobenius 

structure and the third shows that C is a Higgs field with logarithmic poles. 

Condition (11. 2p is satisfied because U = and [C, V] = C per construction of C. 

The condition g(Cxa, b) = g(a,Cxb) follows from the very same calculation above. 

g(Va, b) = —g(a, Vb) follows right from the definitions. □ 

Remark 3.13. If one adds in {(3) a real structure with suitable conditions one obtains a germ 
of a variation of polarized Hodge structures of weight w. 

Definition 3.14. 

(a) A germ of an H 2 -generated variation of filtrations of weight w, which has logarithmic 
poles at D, is a tuple ({M, 0), D, K, V, J 7 ', w) with the following properties: w is an integer, 
K — > (M, 0) is a germ of a holomorphic vector bundle with flat connection V with logarithmic 
poles along D and a variation of filtrations T* which satisfies Griffiths transversality and 

= F w+1 c T° C . . . C K , 

rkT w = 1, rkT w - x = 1 + dimM > 2 . 

Griffiths transversality and flatness o/V give a Higgs field C on the graded bundle Q) p J rp / J- p+1 
with commuting endomorphisms 

C x = [Vx] : 0{F p /F p+1 ) — O^- 1 /^) forX e ®tx M (logD) . 

H 2 - generation condition: The whole module @ p (9(jF p /jF p+1 ) is generated by 0{T W } and 
its images under iterations of the maps Cx,X G DcxmilogD) . 

(b) A pairing and an opposite filtration for an H 2 -generated variation of filtrations ((M, 0), D, 
K, V, J 7 *) of weight w are a pairing S and a filtration U. as in lemma 113. 



Definition 3.15. An H 2 -generated germ of a logarithmic Frobenius manifold of weight w G 
N>i is a germ ((M, 0), D, o, e, E, g) of a logarithmic Frobenius manifold with the properties 
(I) and (II) below and with 

E | t=0 = 0. 

Let V 9 be the Levi-Civita connection of ((M,0),g). It has logarithmic poles along D by 
proposition \1.5\ The endomorphism 

V 9 E : T)n M {logD) -> ®n M {logD) , 
X ^ V 9 X E 
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acts on the space of V 9 -flat logarithmic vector fields. 
In particular e G ker(V 9 E — id). 

(I) It acts semisimply with eigenvalues {1, 0, ... , —(w — 1)}. 

It turns out that then the multiplication on the algebra DerM{logD) respects the grading 

w 

Der M (logD) = ker(V 9 E - (1 - p)id : Der M (logD) — > Der M (logD) ) 

p=0 

and that LieE{g) = (2 — w) ■ g. 

(II) H 2 -generation condition: The algebra DerM{logD) is generated by 
ker(V 9 E:Der M (logD) ^Der M (logD) ). 



Theorem 3.16. There is a one-to-one correspondence between the structures in (a), ((3) and 
(7). 

(a) A logarithmic Frobenius type structure ((M, 0), D, K, V r , C, U, V, g) withU = and with 
a fixed section £ G O(K) which is W r -flat on M \ D and which satisfies the conditions 
(IC),(GC) and (EC) m theorem ILW . 

((3) A germ of an H 2 -generated variation of filtrations with logarithmic pole along D ((M, 0), 
D, K, V, J 7 ', w, S,U.) of weight w G N>i with pairing and opposite filtration and with a fixed 
generator £ G 0(JF°) such that V£ G 0(U W ^) <g> Htx M {logD). 

(7) An H 2 -generated germ of a logarithmic Frobenius manifold ((M, 0), D, o, e, E, g) of weight 
w G N>i. 

One passes from (a) to {(3) by lemma AS.lfy) and from (a) to (7) by theorem \1.12) . One 
passes from (7) to (a) by defining 

M := {t G M I E \ t = 0}, 

D:=DC](M, 0), 

K := Der £[ {logD) | (Mj0) 

with the canonical logarithmic Frobenius type structure, and £ := e |(m,o)- The eigenvector 
condition (EC) is V£ = f £. 

In contrast to the corresponding theorem in |HM] where they could simply extend £ |o V r -flat, 
we have to demand the existence of a section £ which is flat on M \ D. 

Proof, (a) {13). 

We have to show that the conditions in lemma 13.121 (a) are satisfied. For that we have to 
show that for some w G N>i the endomorphism V + ^id is semisimple with eigenvalues in 
{0, 1, . . . , w}. For the conditions on T* in definition 13 .141 we have to show V£ = tt£. 
The eigenvector condition says V£ = |£ for some d G C. Condition ( 11. 2p reads as [C, V] = C. 
This together with the generation condition (GC) shows that V acts semisimply on K with 
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eigenvalues in ~ + Z< and that ker(V — ^id) = C • £. The injectivity condition (IC) implies 
dimker(V - (f - l)id) = dimM > 0. Condition flT3]) says that the eigenvalues of V are in 
(| + Z< ) n -(| + Z< ). Therefore deN. Define w := d. The conditions (IC) and (GC) 
show that one passes from (a) to (/3) by lemma ( 13.121) . V£ |m\dG 0(U w -i) follows from 
V r e |a/\d= 0. 



09) =► (a) 

Lemma (I3.12p gives a Frobenius type structure. It holds V' r £ \m\d— because V£ G 
0(Z4_i) ® ®tt M (logD). We have to show (IC),(GC) and (EC). 

(IC) follows from the condition rkT w ~ l = 1 + dimM and from the if 2 -generation condition. 
(GC) follows from the if 2 -generation condition. Finally (EC) follows from the characteriza- 
tion of V as T p n U p = A;er(V - (p - f )id : if — ► if), rfeF" = 1 and if = g JF" n U q . 

(a) => (7) 

Theorem (j!.12p applied to (a) gives a logarithmic Frobenius manifold ((M,0),D, o,e,E,g), 
an embedding z : (M , 0) — > (M , 0) and an isomorphism of logarithmic Frobenius type 
structures j : if — > Der^logD) \i(M)- It maps V to the restriction of V^-E — ^^id on 
Der^{logD) \^m)- Therefore one obtains an if 2 -generated germ of a Frobenius manifold of 
weight w. In suitable flat coordinates the Euler field of this Frobenius manifold takes the 
form 

dimM q 

i=i 1 

with di G {1,0,..., —(w — 1)} and 

1^ = 0) = dim ker(V 9 E) = dim ker(V - (- - = (fimM. 

Observe that for logarithmic coordinates <ij = 0, because W = on M. 
Therefore i(M) = {t G M | E \ t = 0}. 

(7) => (a) 

One passes from (7) to (a) as described above. (IC) is fulfilled because £ = e. (GC) is 
because the Frobenius manifold is if 2 -generated. (EC) is also from the definition. □ 



3.3. Application to VPHS. 

In this section we apply the machinery developed above to VPHS and investigate some prop- 
erties of the resulting Frobenius type structures. 

Proposition 3.17. Assume as above that we have given M = A n , M \ Z — (A*) r x A n ~ r , 
Z = Ui=i Dj, and a VPHS on a V-flat bundle H — > M\Z with unipotent monodromies. Let 
H — > M be the Deligne extension of H —>■ M \ Z . 

Then one can construct a logarithmic Frobenius type structure and a (logD — trTLEP(w))- 
structure out of this data. 

Proof. Set if := H . Construct an increasing filtration by V-flat subbundles U v with the help 
of lemma 13. 11[ which is opposite to the filtration T,. Now lemma E31 gives us S(I p,q , I r,s ) = 
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for (r, s) 7^ (w — p,w — q) and because U p = J2i q -i< p F' q we see that condition (13. 3j) 
(S(Up,U w ^i^ p ) = 0) is fulfilled. Now we have data as in lemma [3.12( a) (3) and therefore 
a logarithmic Frobenius type structure ((M, 0), Z, K, V r , C, U,V,g,w) with W = and V 
semisimple with eigenvalues in ^+Z. Lemma [1.101 provides a {logD — trT LE P (w))-structvLre. 

□ 

Proposition 3.18. 

(1) The connection V r /ias trivial monodromy. 

(2) /;£ can 6e extended holomorphically from H —>■ M \ Z to K — > M. 
Proof. Recall the proof of lemma [3.121 part — > (a). There the map 

v : o{T v n w p ) -> (c^ n w p ) © o(T v - x n w p _i)) ® £>et M (%£>), 

was decomposed into V mapping to 0(J rp nU p ) ®DtXM(logD) and C mapping to 0(T V ~ X H 
Wp-i) <8> DttM^logD) respectively. A different characterization of V r and C would be the 
following: All IA P are V-flat subbundles of K. Now V induces flat connections V 1 -^ on 
the quotients U p jU p -\. Because T* and U, are opposite we have canonical isomorphisms 
T v fl IA P ~ lA p /U p -i and therefore 

V P 

Under this isomorphism goes over to V r and C := V — V r . Because of 7j = e N] and 
Nj : W p — > Up-i, Tj induces the identity onW p /W p _i. Therefore also V r has trivial monodromy. 
This shows (1). 

For (2) recall that U p is the Deligne extension of its restriction U p \m\z on M \ Z with respect 
to V. Therefore U p /U p ~i is the Deligne extension with respect to of its restriction to 
M\Z. Because of that and (1), V^- 1 has an extension to M. This shows (2). □ 

We will now give conditions on the PMHS on Ho so that the logarithmic Frobenius type 
structure constructed in proposition 13.171 gives rise to a logarithmic Frobenius manifold. 

Theorem 3.19. Assume that we have given M = A n and M\Z — (A*) n and a VPHS on 
a V-flat bundle H — > M \ Z with unipotent monodromies %. Let H — > M be the Deligne 
extension and F' m be part of the limiting MHS on H with 

= cF% m C...CK 

and dimF% m = 1, dimF™~ 1 = 1 + dimM. 

LetNi be the logarithm of the unipotent part of% acting on H . If the vector space QpF^/F^ 
is generated by F^ m and its images under iterations of the linear maps Ni, then we can con- 
struct an H 2 '-generated germ of a logarithmic Frobenius manifold out of these data. 

Proof. Pick a nonzero vector v G F% m . Recall proposition 13.171 where we constructed a loga- 
rithmic Frobenius type structure ((M, 0), Z, K, V r , C, U, V, g, w) out of the VPHS. Because of 
proposition 13. 181 we can extend this vector v to a V r -flat section £ G O(K). The conditions 
on F' m and v G F% m give the conditions (IC) and (GC) in theorem 1 1 . 1 2 1 resp . theorem 13.161 
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with respect to the section £ £ O(K). The condition (EC) follows from the construction 
of the logarithmic Frobenius type structure in lemma 13.121 and the existence of an opposite 
filtration U. on H = K (cf. l3TTj) . □ 

Remark 3.20. From the generation conditions and the properties of F' m follows that the 
PMHS on Hq is Hodge-Tate and split over R. This can be easily seen by choosing v to to be 
real and by noticing that every Nj is a (—1, —l)-morphism defined on Hu,o- 
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